We explore the bounce cosmology in Gauss-Bonnet gravity with a coupling to a dynamical scalar field. Particularly, the potential and Gauss-Bonnet coupling of the scalar field to realize the cosmological bounce are reconstructed for the scale factor with the hyperbolic and exponential forms. Furthermore, we examine the relation between the bouncing behavior in the string (Jordan) and Einstein frames through the conformal transformation. It is shown that in general, the property of the bounce point in the string frame changes after the frame is moved to the Einstein frame. Moreover, it is found that at the corresponding point in the Einstein frame to that of the cosmological bounce in the string frame, the second derivative of the scale factor has an extreme. In addition, it is demonstrated that at the cosmological bounce time in the Einstein frame, the coupling function of the scalar field to the GaussBonnet invariant exists, although it does not exist in the string frame.
I. INTRODUCTION
It has been suggested by cosmological observations that the current cosmic expansion is accelerating. Provided that the current universe is homogeneous, isotropic, and spatially flat, the energy component corresponding to dark energy with its negative pressure or the modification of gravity at a large distance is necessary to account for the observations (there are recent reviews on dark energy problem and modified gravity, e.g., in Refs. [1] [2] [3] ).
Regarding the early universe, there has been proposed the matter bounce cosmology [4, 5] to avoid the initial singularity in the beginning of the universe. In this scenario, matter dominates the universe at the bouncing point, and the density fluctuations compatible with observations are generated (see, for instance, Ref. [6] for a review on bounce cosmology). In terms of the bounce scenario, there have existed various discussions [7] on the BKL instability [8] , the bouncing phenomena [9] in the Ekpyrotic cosmology [10] , and the density fluctuations [11] .
Inflation can not only explain the homogeneity, isotropy, and flatness of the universe but also include the mechanism to generate the primordial density perturbations, and therefore it can be considered to be the most promising scenario to describe the early universe. As an viable alternative scenario to inflation, there has been argued the bounce cosmology. Especially, in the matter bounce scenario, a nearly scale-invariant and adiabatic spectrum of the primordial density perturbations can be realized [5] . The perturbations of the quantum vacuum, whose original scale is smaller than that of the Hubble horizon, are generated. Its scale becomes larger than the Hubble horizon in the epoch of the contraction with dominant matter, and eventually it evolves as the curvature perturbations with its (almost) scale-invariant spectrum. Similarly, it is known that in the Ekpyrotic scenario in the framework of brane world scenario, the primordial density perturbations with such a spectrum can also been produced. One of the most important aims in this scenario is to connect cosmology in the early universe to more fundamental theories such as superstring theories and M-theories [10] . Accordingly, such a bounce cosmology has been examined in various gravity theories including F (R) gravity [12] , modified Gauss-Bonnet gravity [13] , f (T ) gravity [14] , where T is the torsion scalar in teleparallelism, non-linear massive gravity with its extension [15] , and loop quantum gravity [16, 17] (for references on loop quantum cosmology, see, for instance, Ref. [18] ). Recently, the comparison of the bounce cosmology with the BICEP2 experimental data [19] has been executed in Ref. [20] , and the bouncing quasi-matter domination parameters have been introduced in Ref. [21] . Such a theory to lead to the bounce phenomenon may be presented as a kind of non-minimal Brans-Dicke-like theory [22] , in which anti-gravity behaviours may be shown.
In this paper, we investigate the cosmological bounce in scalar Gauss-Bonnet gravity, where a dynamical scalar field non-minimally couples to the Ricci scalar and/or the Gauss-Bonnet invariant. It is known that the Gauss-Bonnet term appears in string theories in the low-energy effective action approach. Furthermore, we compare the bounce phenomenon in the string (Jordan) frame by that in the Einstein frame with the conformal transformation and derive the relations between them. We use units of k B = c l = = 1, where c is the speed of light, and denote the gravitational constant 8πG by κ 2 ≡ 8π/M Pl 2 with the Planck mass of
The organization of the paper is as follows. In Sec. II, we explain a scalar field theory with non-minimal coupling to gravity and derive the equations of motions. In Sec. III, we reconstruct scalar Gauss-Bonnet gravity in the Einstein frame. In Sec. IV, the reconstruction of the Hubble parameter and scalar field is executed around the cosmological bounce in the Einstein frame. In
Sec. V, the reconstruction of scalar Gauss-Bonnet gravity is performed in the string frame. In
Sec. VI, we make the conformal transformation of bouncing solutions from the string frame to the Einstein frame, and vice versa. It is demonstrated that generally speaking, the bounce in the string frame does not correspond to the bounce in the Einstein frame, and vice versa. In several cases, the bounce universe is transformed to the accelerating universe. Conclusions are described in Sec. VII.
II. MODEL
We explore a model of a homogeneous scalar field φ = φ(t) with a non-minimal coupling to gravity. Our model action is given by [23] 
where g is the determinant for the metric g µν , (∇φ) 2 ≡ g µν ∇ µ φ∇ ν φ with ∇ µ the covariant derivative associated with g µν , and G is the Gauss-Bonnet invariant, expressed as
with R the scalar curvature, R µν the Ricci tensor, and R µνρσ the Riemann tensor. Here, f (φ, R)
is an arbitrary function of φ and R, ω(φ) and ξ(φ) are those of φ, V (φ) is the potential for φ, and α 1 and α 2 are constants. In the following, we set κ 2 = 1.
We suppose the flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric
with a(t) the scale factor.
The variation of the action in Eq. (II.1) with respect to the metric g µν leads to the following gravitational equations [23] 
and by varying the action in Eq. (II.1) over φ, we obtain the equation of motion for φ, described by
where
Here, the dot denotes the time derivative, f ′ R (φ, R) ≡ ∂f (φ, R)/∂R, and f ′ φ (φ, R) ≡ ∂f (φ, R)/∂φ, and the prime means the derivative operating on a function with respect to its argument as
In the FLRW background in Eq. (II.3), the Hubble parameter is defined as H ≡ȧ/a. Furthermore, the scalar curvature and the Gauss-Bonnet invariant read R = 6Ḣ + 12H 2 and
It is known that the system of Eqs. (II.4) and (II.5) is an overdetermined set of equations. In particular, it is easy to show that Eq. (II.5) is a consequence of Eqs. (II.4) and (II.6).
Combining Eqs. (II.4) and (II.5), we find
If the scalar field φ(t) and the scale factor a(t) is known, then the interaction function ξ(φ) may be found by solving the differential equation (II.11) . Hence, the potential of the scalar field V (φ) can easily be acquired from Eq. (II.4).
As an example, we investigate the special case of α 1 = 1 and α 2 = 0. Given that 12) we obtain the following expression 13) where c 1 and c 2 are constants. Moreover, from Eq. (II.4) we find
.
(II.14)
III. RECONSTRUCTION OF SCALAR GAUSS-BONNET GRAVITY IN THE EIN-STEIN FRAME
In this section, we study the action in Eq. (II.1) with f (φ, R) = R, ω(φ) = γ, where γ = ±1, α 1 = 1, and α 2 = 0. Namely, the expression becomes
This is a string-inspired Gauss-Bonnet gravity action. We reconstruct several models of scalar Gauss-Bonnet gravity. We here assume that the time dependence of the scalar field has the following form: 2) with φ 0 a constant.
A. Hyperbolic model
First, we examine the case that the scale factor is given by
where σ, λ and τ are constants. In this case, we have
In this theory, there is only one point t = t b when the cosmological bounce happens. It is represented as
At this time, we see that
From Eqs. (II.13) and (II.14) with f (φ, R) = R, ω(φ) = γ, where γ = ±1, α 1 = 1, and α 2 = 0, we
We note that in the limit
we obtain
In Fig. 1 , we depict the behaviors of V (φ) and ξ(φ) as functions of φ for σ = τ = 1/2, i.e., a(t) = cosh λt. For simplicity, we take the following parameter values: c 1 = 0, c 2 = 0, λ = 1, γ = 1, and φ 0 = 1. In this case, we get and
In addition, if φ 0 = λ and therefore φ = λt, V (φ) and ξ(φ) can be written as
(III.14)
B. Exponential model
Next, we study the case that the scale factor has an exponential form as
with α a positive constant. In this case, we have
There exists only one point of cosmological bounce at t = t b = 0. At this time, we find It follows from Eqs. (II.13) and (II.14) that
where γ E is the Euler's constant.
We remark that when
we acquire
In Fig. 2 , we plot the behaviors of V (φ) and ξ(φ) as functions of φ for a(t) = e αt 2 in (III .15) with α = 1, c 1 = 0, c 2 = 0, γ = 1, and φ 0 = 1.
It is also noted that for the model with φ 0 = ± √ −4γα and c 1 = 0, we get
In the case of α > 0, it is necessary that γ = −1.
IV. RECONSTRUCTION OF THE HUBBLE PARAMETER AND SCALAR FIELD AROUND THE COSMOLOGICAL BOUNCE IN THE EINSTEIN FRAME
If the cosmological bounce occurs at the time t = t b , the following conditions have to be satisfied
We investigate the Cauchy problem for Eq. (II.4) with α 1 = 1 and α 2 = 0:
The Cauchy problem formulated above takes place if
We consider a solution of the Cauchy problem in the form of the Taylor series in the powers of the difference of the time from the cosmological bounce point (t − t b ):
where φ b = φ(t = t b ) and the superscription (j) (j = 3, 4, 5) means the number of the time derivatives. Here, we have assumed that the functions V (φ), ξ(φ), and H(t) belong to the class
, where U is the vicinity of the cosmological bounce point. Equation (II.4) and conditions in (IV.1) lead to the following relations between the scalar field φ(t) and Hubble parameter H(t) at the bouncing time t = t b :
Similarly, from Eq. (II.11), we get the values of derivatives of H(t) at the bouncing time t = t b :
Consequently, if we have the potential of the scalar field V (φ) and interaction function with the Gauss-Bonnet invariant ξ(φ), the expansion of the function H(t) around the bouncing time t = t b can be written as
The conditionḢ b > 0 (< 0) leads to the following expression V (φ b ) > 0 (< 0), but the expansion in Eq. (IV.14) is available only if γ = −1 (+1). Through the combination of Eqs. (IV.8)-(IV.13), we acquireφ
Thus, the interaction of a scalar field with the Gauss-Bonnet invariant appears in the expansion near the point t = t b only from the fifth order.
If the potential V (φ) and function ξ(φ) are defined as
with V 0 , ξ 0 , and φ 0 constants, the expansion of a scalar field near the point of the cosmological bounce read
The expansion of the function H(t) around the bouncing time t = t b becomes
Around t = t b , it is possible to reconstruct the functions ξ(φ) and V (φ), if φ(t) and H(t) are determined. However, a complete reconstruction of the function ξ(φ) can be executed only in the case that the form of the term ξ(φ)(∇φ) 2 in the action is taken into account.
The equation (II.11) is consistently differentiated with respect to the variable t. Accordingly, we find the coefficients of the expansion of ξ(φ) in the Taylor series around the cosmological bounce
Here, for α 1 = 0 and α 2 = 0 we have 25) whereas for α 1 = 1 and α 2 = 0, we find
with c 1 a constant.
From Eq. (II.4) , the function V (φ) can be expanded in the Taylor series around the cosmological bounce time. We here provided that the scalar field is represented as φ(t) = φ 0 t in Eq. (III.2) . In the hyperbolic model of a(t) = cosh(λt) with λ > 0, for α 1 = 0 and α 2 = 0 we find
Moreover, for α 1 = 1 and α 2 = 0 we have
On the other hand, in the exponential model of a(t) = e 
V. RECONSTRUCTION OF SCALAR GAUSS-BONNET GRAVITY IN THE STRING FRAME
In the string (Jordan) frame, the action has the form
Here, the scalar field is considered to be expressed as φ(t) = φ 0 t in Eq. (III.2). It follows from the action in Eq. (V.1) that in the FLRW space-time in Eq. (II.3), the gravitational field equations and the equation of motion for φ read
For the string frame, from Eqs. (II.13) and (II.14) with f (φ, R) = e −φ R, ω(φ) = −e −φ , α 1 = 1, and α 2 = 0, we have
(V.6)

A. Hyperbolic model
When the scale factor is written as a(t) = σe λt +τ e −λt with λ > 0 in (III.3), with the assumption that φ(t) = λt, the potential V (φ) and interaction function ξ(φ) are reconstructed as
It is noted that Particularly, for σ = τ = 1/2, we obtain 
B. Exponential model
If the scale factor is described by a(t) = e αt 2 with α > 0 in (III.15), we reconstruct V (φ) and ξ(φ) as Moreover, it is noticed that
As a special case, by taking φ(t) = ± √ 4αt, we have
In Fig. 4 , we draw V (φ) and ξ(φ) as functions of φ for a(t) = cosh λt with φ = √ 4αt, c 1 = 0, c 2 = 0, and α = 1.
VI. CONFORMAL TRANSFORMATION OF BOUNCING SOLUTIONS IN THE TRANSITION FROM THE STRING FRAME TO THE EINSTEIN FRAME
We explore the transition from the string frame (g S µν , φ) to the Einstein frame (g E µν , ψ). We begin with the action of the heterotic string theory in the string frame
Here and in the following, the superscription (subscription) "S" denotes the quantities in the string frame, while that "E" shows those in the Einstein frame.
We make a conformal transformation [24] 
The FLRW metric in the string frame is described by ds
. Hence, the transformation time in the transition to the Einstein frame is determined by the following relationship
In further considerations, we choose the positive sign in Eq. (VI.3). This corresponds to the fact that the direction of motion along the time axis in the string frame is the same as that in the Einstein frame
We find also the following relations
The potential of the scalar field and interaction function in the transition to the Einstein frame are changed as follows
The action in the Einstein frame is given by
where R E and G E are the Ricci scalar and the Gauss-Bonnet invariant with respect to the Einstein frame metric g E µν , respectively. Since we have the Gauss-Bonnet term, if we start from the effective action in the string frame, there appears the additional term F in the Einstein frame [25] .
One can found the conditions for the existence of point of the cosmological bounce t E b in the Einstein frame. It is known that in the Einstein frame, the conditions H E (t E b ) = 0 andḢ E (t E b ) > 0 have to be fulfilled at this point. These conditions in the string frame corresponds to
Suppose that the scalar field is linearly dependent on time, i.e., φ(t S ) = φ 0 t S . Then, taking into account Eq. (VI.3), we get
We here note that under the conformal transformation, the time axis t S converts into a positive or negative time semi-axis t E , and that the mapping occurs on the negative (positive) semi-axis
We investigate the behavior of the scale factor a E (t E ) and its second derivativeä E (t E ) around t ⋆ E , which corresponds to the point of the cosmological bounce t S b in the string frame. It is known thatȧ S (t S b ) = 0, namely, the scale factor at t S b has an extreme. Given φ(t S ) = φ 0 t S , with Eq. (VI.4) we determine the values of higher derivatives of the scale factor at the point of t ⋆ E in the Einstein frame:ä
It follows that the sign of second and third derivatives of the scale factor around t S b will be maintained during the transition from the string frame to the Einstein frame. However, if the functionä S (t S ) has an extreme at t S b , then the functionä E (t E ) will also have an extreme, but it does already at the point t ⋆ E .
A. Hyperbolic model in the string frame
We study the case that the scale factor in the string frame has the hyperbolic form as
Conditions in (VI.12) for the existence of the cosmological bounce in this model have the form
From Eqs. (VI.4) and (VI.5), we have We define the point of the cosmological bounce in the Einstein frame
We remark that under conformal transformation, the point of the cosmological bounce t S b for the model in the string frame moves to a point t ⋆ E :
We examine the behavior of second derivative of the scale factor in the Einstein frame. From
Eqs. (VI.15) and (VI.16), taking into account the conditions for the point of the cosmological bounce in the Einstein frame, we obtain
Therefore, we see thatä E (t E ) has a minimum at the point of t
It can be shown that the function has only this extreme.
To simplify the calculations, we explore the special case: σ = τ = 1/2 and φ 0 = λ. In this case, we find : V E (t E ) and ξ E (t E ) as functions of t E for a S (t S ) = cosh (λt S ) with φ(t S ) = λt S , c 1 = 0, c 2 = 0, and λ = 1. Legend is the same as Fig. 5 with t E = −2/λ.
In Fig. 5 , we show the evolutions of a E (t E ) and H E (t E ) as functions of t E for a S (t S ) = cosh (λt S ) with φ(t S ) = λt S and λ = 1.
The functions V E (ψ) and ξ E (ψ) are reconstructed as follows In Fig. 6 , we display the evolutions of V E (t E ) and ξ E (t E ) as functions of t E for a S (t S ) = cosh (λt S ) with φ(t S ) = λt S , c 1 = 0, c 2 = 0, and λ = 1.
B. Exponential model in the string frame
We discuss the case that the scale factor in the string frame is written as line intersects the time axis t E at t E = t ⋆ E , which corresponds to the cosmological bounce time in the string frame.
For this model, the point of the cosmological bounce in the Einstein frame exists for any non-zero values of the parameter φ 0 . With Eqs. (VI.4) and (VI.5), we acquire
We define the point of the cosmological bounce in the the Einstein frame:
The point of the cosmological bounce t S b for this model in the string frame moves to a point t ⋆ E under conformal transformation as
We study the behavior of the functionä E (t E ) for this model. It follows from Eqs. (VI.15) and (VI.16) that at the point t ⋆ E , the function has an extreme, and hence if
it has a minimum (maximum). Moreover, it is found from Fig. 7 that in the latter case of |φ 0 | > √ 24α, the functionä E (t E ) has an additional extreme at the points In this case, we get
Let us consider the case that φ(t S ) = φ 0 t S with φ 0 = √ 4α. In Fig. 8 , we depict the evolutions of a E (t E ) and H E (t E ) as functions of t E for a S (t S ) = e αt 2 S with φ(t S ) = √ 4αt S and α = 1. Furthermore, the functions V E (ψ) and ξ E (ψ) read
where t E < 0. In Fig. 9 , we plot the evolutions of V E (t E ) and ξ E (t E ) as functions of t E for a S (t S ) = e αt 2 S with φ(t S ) = √ 4αt S , c 1 = 0, c 2 = 0, and α = 1.
VII. CONCLUSIONS
The spatially flat, homogeneous, and isotropic universe suggested by quite precise cosmological observations can successfully be realized by inflation paradigm. Furthermore, the primordial density perturbations with its spectrum consistent with the observations can also be generated during inflation. In order to further prove physics in the early universe, it is significant to discuss other possible scenarios for the early universe to explain the observations. Among such attempts, the idea of the bounce universe has been examined. For instance, the matter bounce scenario and the Ekpyrotic one can also present the primordial density perturbations with its almost scaleinvariant spectrum. The additional merit of these scenarios is that they are motivated by the more fundamental theories including superstring/M-theories, which are hopeful candidates to describe the quantum aspects of gravity.
In the present paper, therefore, we have studied the bounce universe in the framework of scalar Gauss-Bonnet gravity. The existence of the Gauss-Bonnet invariant as a higher derivative quantum correction is strongly supported by string theories. In particular, for the cases that the scale factor has the hyperbolic form and the exponential one to lead to the bouncing cosmology, we have explicitly reconstructed the potential form and the coupling function of a dynamical scalar field coupling to the Gauss-Bonnet term.
In addition, we have explored the bouncing behaviors both in the string and Einstein frames in detail by performing the conformal transformation and derived the relation of the bounce cosmology between the two frames. Through the conformal transformation, the difference of potential form of the scalar field between the two frames is the exponential function of the scalar field, whereas the coupling function of the scalar field to the Gauss-Bonnet term are the same in the two frames. We have found the following three points. First, on the basis of the above bouncing models, it can be considered that in general, if the point of the cosmological bounce in the string frame is transformed into that in the Einstein frame, it does not retain its character.
When the conformal transformation from the string frame to the Einstein frame is made, the string frame bounce point qualitatively changes its nature and ceases to be bounce point in the Einstein frame. However, new bounce point(s) appear in the Einstein frame. Second, if the second derivative of the scale factor takes an extreme in the string frame, then the second derivative of the scale factor in the Einstein frame has an extreme at the point corresponding to the one of the cosmological bounce in the string frame. Particularly, there are cosmological models in which at this point, the universe expands with its minimal acceleration, namely, the second derivative of the scale factor becomes its minimum value. However, in principle, the parameters of the theory may be chosen so that the second derivative of the scale factor at this point can take its maximum value. Third, in the Einstein frame, at the point of the cosmological bounce t E b , the gap interaction function ξ(φ) is missed unlike in the string frame.
Finally, we mention that according to the investigations for F (R) gravity, when the cosmological bounce happens in the Einstein frame, the cosmic acceleration (inflation) may occur in the corresponding string frame through the conformal transformation [17] . Hence, if there exists a kind of duality between the bouncing phenomenon in the Einstein frame and inflation in the string frame, and vice versa, by comparing the theoretical results in the Einstein frame on the spectral index of the curvature perturbations and the tensor-to-scalar ratio with their observational values and using such a duality, we can judge whether the corresponding bounce cosmology is realistic or not (see also Ref. [21] ).
